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1. Introduction

Knowledge at the atomic level of the structural and dynamic aspects of organized systems is of

paramount importance to improve our understanding of the function of these complex molecular

assemblies. In a number of instances, accessing the microscopic detail by means of conventional

experimental techniques is not possible. Yet, the massive increase of computational resources ignited

some ten years ago, associated with the development of efficient algorithms have enabled the study

of supramolecular assemblies of increasing complexity using theoretical tools.

The main thrust of this course is to examine the facet of Theoretical Chemistry constituted by molecu-

lar mechanical statistical simulations. The goal of the latter is to access the atomic detail of condensed

phases through in silico computational experiments. Several methods are currently available, among

which molecular dynamics (MD), stochastic dynamics (SD) and its special cases — for example,

Brownian dynamics or Langevin dynamics — or Monte Carlo (MC) simulations. These different

theoretical approaches may be viewed as a bridge connecting macroscopic–level experimental obser-

vations to the microscopic world. In what follows, we shall focus on molecular dynamics [1].

1.1. Connecting the microscopic to the meso– and the macroscopic

Is it legitimate to use molecular simulations to model condensed phases? Rigorously, the com-

plete study of a chemical system as complex as a molecular liquid would require solving the time–

dependent Schrödinger equation for a large ensemble {electrons + nuclei}. Such an approach remains,

however, totally illusory, in spite of the recent progresses made in the field of linear–scaling calcula-

tions, thereby constraining us to limit ourselves to a classical description of the system. Even in this

framework, for obvious computational reasons, molecular simulations are generally restrained to a

number of particles comprised between a few hundreds to several thousands.

In order to correlate the properties of the microscopic system to those of the macroscopic phase, it

is pivotal to eliminate edge effects. In practice, use is made of periodic boundary conditions (PBC),

which consists in replicating the finite ensemble of particles confined in a box, often orthorhombic,

following the three directions of space (see Figure 1). It has been observed that a faithful, accurate

reproduction of thermodynamic quantities from samples of reduced size warrants a posteriori the use

of such an approach. The pseudo–infinite character of the system thus generated implies the necessity

of a number of approximations for the treatment of intermolecular interactions [2]. In particular, the

so–called “minimum image” approximation supposes that each particle i of the central cell interacts

with the closest image of all other particles j.
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Figure 1: Two–dimensional view of a simulation cell replicated in the three directions of space. Employing
periodic boundary conditions (PBC), when molecule i leaves the central box a, its images in the neighboring
ghost boxes move in a similar fashion. The cell delineated by a dotted line, overlapping with cells a, d, e et f,
symbolizes the so–called “minimum image” convention.

Furthermore, the introduction of a sphere of truncation, or cut–off sphere, can be employed to ig-

nore interactions beyond an arbitrary distance, less or equal than half of the smallest dimension of

the simulation cell (see Figure 2). Clearly, the validity of these approximations is conditioned by the

range of the intermolecular interactions considered. Whereas short–range dispersion and repulsion

interactions do not require any special care, the same cannot be said in the case of electrostatic inter-

actions. The size of the system evolving roughly in r3, it is generally accepted that 1/rn interactions

— where n < 3 — will not be handled correctly using a spherical truncation. To circumvent this

difficulty, it is recommended to turn to a more adapted method, like those based on lattice sums, e.g.

Ewald–Kornfeld [3] or Ladd [4], which consist in evaluating the interactions of a particle with all

others located in the central box, as well as in all image cells. Adopting such an approach, however,

increases considerably the global computational effort, but is rigorously indispensable for a correct

description of long–range interactions.

1.2. How legitimate are molecular dynamics simulations?

The principle of MD, particularly simple, consists in generating trajectories for a finite ensemble

of particles by integrating numerically the classical equations of motion. This approach, a priori
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Figure 2: Use of a truncation sphere of radius Rcut to limit the computation of interactions of particle i with
its neighbors in the “minimum image” convention. A sphere of radius Rpair, greater than Rcut, is employed to
construct a neighbor list for i. This list of all pairs {i, j} is updated periodically.

arguable, finds its justification in two remarkable facts: (i) on account of the Born–Oppenheimer ap-

proximation, the motion of the nuclei and that of the electrons can be dissociated, and, (ii) considering

that, in most cases, the de Broglie wavelength is much shorter than typical intermolecular distances,

quantum effects can be safely neglected. Trajectories determined by this approach are utilized to eval-

uate static and dynamic properties in the form of time averages, which, for ergodic systems, coincide

with statistical averages:

lim
t→∞

A t = 〈A 〉 (1)

Here, A denotes any observable property. A t represents its time average, and 〈A 〉, its statistical

average. In practice, it is observed that the ergodicity hypothesis is verified, at least in the case of

simple liquids.

2. The molecular dynamics equations

In classical MD [1, 2, 5], the trajectory for the various components of the system is generated by

integrating the Newton equations of motion, which, for each particle i, write:
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mi

d2xi(t)

dt2
= fi(t)

fi(t) = −∂V (x)

∂xi(t)

(2)

V (x) is the potential energy function of the N–particle system, which only depends upon the Carte-

sian coordinates {xi}. Equations (2) are integrated numerically using an infinitesimal time–step, δt,

to guarantee the conservation of the total energy of the system — viz. typically 1–2 fs (see Figure 3).
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Figure 3: Size– (a) an time scales (b) accessible to MD simulations. The largest molecular system
modeled to this date is the motion of transfer RNA in the ribosome, i.e. 2.64 × 106 atoms [6]. The
longest simulation to this date remains the folding of the villin headpiece, a 47–residue fragment, over
a period of 10−6 s [7].

2.1. Propagating the motion

Hoping to generate exact trajectories over long times is, however, illusory, considering that the New-

ton equations of motion are solved numerically, with a finite time–step. The exactness of the solution

of equations (2) is, nevertheless, not as crucial as it would seem. What really matters in reality is the

correct statistical behavior of the trajectory to ensure that the thermodynamic and dynamic proper-

ties of the system be reproduced with a sufficient accuracy. This pivotal condition is fulfilled only if

the integrator employed to propagate the motion possesses the property of symplecticity [8–10]. A

so–called symplectic propagator conserves the invariant metric of the phase space, Γ. As a result, the

error associated with this propagator is bound:

lim
nstep→∞

(
1

nstep

) nstep∑
k=1

∣∣∣∣∣E (kδt)− E (0)

E (0)

∣∣∣∣∣ ≤ εMD (3)
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Here, nstep denotes the number of steps of the simulation, E (0) ≡H (x,px; 0), the initial total energy

of the equilibrated system, and εMD, the upper bound for energy conservation — viz. 10−4 constitutes

an acceptable value. Assuming that the time–step is limited, integration of the equations of motion

does not lead to an erratic growth of the error associated with the conservation of the total energy,

which may affect significantly the statistical behavior of MD over long times. Interestingly enough,

for a Hamiltonian system, the property of symplecticity implies that the Jacobian:

J(Γδt,Γ0) =
∂(Γ1

δt, . . . ,Γ
N
δt)

∂(Γ1
0, . . . ,Γ

N
0 )

(4)

is unitary. Γ0 represents the initial vector of the N–dimension phase space, which contains all the

position, x, and momentum, px, variables that describe the system.

As has been underlined previously, the long–range nature of charge-dipole interactions, i.e. 1/r2, and,

a fortiori, charge–charge interactions, i.e. 1/r, imposes the use of well–adapted algorithms for han-

dling such contributions, which may increase appreciably the computational cost of the simulation.

Rewriting equations (2) in a more formal fashion:

Γt = eiL t Γ0 (5)

where L is the Liouville operator that generates distribution %(Γ, t) for a given thermodynamic en-

semble, following:

∂%(Γ, t)

∂t
= −iL %(Γ, t) (6)

and applying the Trotter factorization:

eiL ∆t = eiL1
∆t
2 eiL2∆t eiL1

∆t
2 + O(∆t3) (7)

in which iL = iL1 + iL2, deconvolution of the short– and long–range contributions becomes

straightforward. Depending upon the nature of the interaction, different time–steps can, thus, be

utilized to propagate the motion. Breaking down, for instance, the total Hamiltonian, H (x,px), that

governs the system into kinetics, T (px), valence, Vvalence(x), short–range, Vshort(x), and long–range,

Vlong(x), contributions, it ensues that:

eiH (x,px)∆t = eiVlong(x) ∆t
2

{
eiVshort(x) ∆t

2n

[
eiVvalence(x) ∆t

2pn eiT (px) ∆t
pn (8)
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× eiVvalence(x) ∆t
2pn

]p
eiVshort(x) ∆t

2n

}n
eiVlong(x) ∆t

2

This partitioning of the various contributions of H (x,px) constitutes the central idea of the so–

called multiple time–step approaches, like the reversible reference system propagator algorithm (r–

RESPA) [11]. It clearly highlights the use of distinct time–steps for updating these contributions,

thereby reducing appreciably the computational effort of the statistical simulation.

2.2. The molecular dynamics propagators

Several approaches for integrating numerically the Newton equations of motion (2) are currently

available. Among them, three will be detailed here. Unquestionably the simplest, the Verlet al-

gorithm relies upon the knowledge of the triplet {xi(t),xi(t − δt), ai(t)}, where ai(t) = ẍi(t) =

d2xi(t)/dt
2 = fi(t)/mi denotes the acceleration of particle i [12]. Modifying the positions of the

particles is achieved through a Taylor expansion of the position at t− δt and at t+ δt, leading to:

xi(t+ δt) = 2xi(t)− xi(t− δt) + ai(t) δt
2 (9)

which implies possible errors in O(δt4). It is worth noting that the velocities, vi(t) = ẋi(t) =

dxi(t)/dt, do not appear explicitly in this scheme. They cancel out in the Taylor expansion of xi(t+

δt) and xi(t− δt). Though unnecessary for describing the trajectory, their evaluation is an obligatory

step for computing the kinetic energy, T (p), which depends upon the sole momentum variables, p,

and, consequently, the total energy of the system, E ≡H (x,px), according to:

vi(t) =
xi(t+ δt)− xi(t− δt)

2 δt
(10)

At each time–step, the associated error is in O(δt2).

Exercise: From the Taylor expansion of position x, en t − δt et en t + δt, recover expression (9).

Deduce from the latter that the associated error grows as O(δt4).

The so–called leap-frog algorithm, derived from the preceding one, makes use of the {xi(t),vi(t −
δt/2), ai(t)} triplet. The origin of its name appears clearly in the writing of the algorithm:


xi(t+ δt) = xi(t) + vi(t+

δt

2
) δt

vi(t+
δt

2
) = vi(t−

δt

2
) + ai(t) δt

(11)
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In practice, the first step is the computation of vi(t + δt/2), from which vi(t) is deduced, which is a

requisite for evaluating the kinetic term, T (p), following:

vi(t) =
vi(t+

δt

2
) + vi(t−

δt

2
)

2
(12)

Last, the velocity form of the Verlet algorithm corrects the main deficiency of the standard Verlet or

leap-frog scheme, namely the rigorous definition of the velocities — the associated error of which

varies in O(δt2). The explicit incorporation of the velocities in the Verlet algorithm may be expressed

as:


xi(t+ δt) = xi(t) + vi(t) δt+

1

2
ai(t) δt

2

vi(t+ δt) = vi(t) +
ai(t) + ai(t+ δt)

2
δt

(13)

This scheme involves the two following steps:

vi(t+
δt

2
) = vi(t) +

1

2
ai(t) δt (14)

from which the thermodynamic forces, fi, and accelerations, ai, at time t + δt can be evaluated. It

ensues that:

vi(t+ δt) = vi(t+
δt

2
) +

1

2
ai(t+ δt) δt (15)

The kinetic energy may then be deduced at time t+ δt, while the potential energy, V (x), is computed

in the force loops.

2.3. Constrained equations of motion

Under certain circumstances, it may be desirable to freeze a subset of degrees of freedom in the

course of the MD simulation through the introduction of holonomic constraints. The latter allow hard

degrees of freedom that correspond to high–frequency vibrations — viz. the vibration of covalent

bonds involving hydrogen atoms — to be removed. By keeping through time these bond lengths at

a nominal value, it is possible to increase the time step, δt, for integrating the equations of motion,

without sacrificing the prerequisite of energy conservation.
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Freezing certain degrees of freedom in the framework of classical MD is equivalent to solving con-

strained equations of motion. In the case of a fixed chemical bond length, the constraint writes:

χij(t) = |rj(t)− ri(t)|2 − d2
ij (16)

where dij stands for the equilibrium length of the chemical bond. It follows that, in addition to the

force, fi, due to intra– and intermolecular interactions, a constraint force, gi, now appears in the

equations of motion:

mi
d2ri(t)

dt2
= fi + gi (17)

This constraint force is defined by:

gi = −
∑
j

λij(t)∇iχij(t) = −2
∑
j

λij(t) rij(t) (18)

where λij(t) is the Lagrange multiplier associated to the constraint enforced along the chemical bond

connecting atoms i and j. Combined with the Verlet integrator (9), the equations of motion now write:

ri(t+ δt) = ri(t) + δt vi(t) +
δt2

2mi

[fi(t) + gi(t)] (19)

These constrained equations of motion are solved in most cases following a Gauss–Seidel–like, it-

erative scheme — i.e. solving one by one the equations of a linear system — until each holonomic

constraint is satisfied.

Exercise: Establish the constrained equations of motion for a triatomic molecule, in which the bond

lengths d21 and d23 are frozen and the valence angle, θ(1, 2, 3), may vary through the intramolecular

potential.

3. The potential energy function

The potential energy function constitutes the corner stone of all molecular mechanics calculations, as

it should reproduce the intra– and intermolecular interactions of the system as faithfully as possible.

In principle, on account of the many–body character of the problem, this functional should write as

an N–term sum:



Numerical methods for molecular dynamics simulations of biological systems 11

V (x) =
∑
i

v1(xi) +
∑
i

∑
j>i

v2(xi,xj) +
∑
i

∑
j>i

∑
k>j>i

v3(xi,xj,xk) + . . . (20)

where v1(xi), v2(xi,xj), . . . represent the intramolecular potential, the pair interaction potential,

. . . V (x) is, therefore, characteristic of an N–body problem, even though it might be argued that

v2(ri,xj) is likely to constitute the prevailing term of the intermolecular contribution [2]. This point

of view is at the origin of the so–called pairwise approximation, in which higher order effects are

partially included in an effective potential:

V (x) '
∑
i

v1(xi) +
∑
i

∑
j>i

veffective
2 (xij) (21)

This approximation is used in most commercial force fields, in particular those aimed at the study of

macromolecular systems, for which the computational effort is intimately related to the complexity

of V (x). Amongst the plethora of available potential energy functions, one of the most minimalist

descriptions of the system is provided by the AMBER force field [13, 14]:

V (x) =
∑

bonds

kr (r − r0)2 +
∑

valence angles

kθ (θ − θ0)2

+
∑

torsions

∑
n

Vn
2

[1 + cos(nφ− γ)]

+
1

k1-4
vdW

∑
i<j

{i,j}∈1-4

εij

(R∗ij
rij

)12

− 2

(
R∗ij
rij

)6
+

1

k1-4
Coulomb

∑
i<j

{i,j}∈1-4

qiqj
4πε0ε1rij

+
∑
i<j

{i,j}>1-4

εij

(R∗ij
rij

)12

− 2

(
R∗ij
rij

)6
+

∑
i<j

{i,j}>1-4

qiqj
4πε0ε1rij

(22)

in which kr and r0 denote, respectively, the force constant of the chemical bond and its equilibrium

length, kθ and θ0, the force constant of the valence angle and its equilibrium value, and Vn/2, n and γ,

the torsional barrier, its periodicity and phase. ε0 and ε1 are, respectively, the vacuum and the relative

dielectric permittivities. qi is the partial charge borne by atom i. R∗ij and εij correspond to the van der

Waals parameters for the pair of atoms {ij}, obtained from the Lorentz–Berthelot combination rules:


εij =

√
εi εj

R∗ij = R∗i +R∗j

(23)

Considering that in the course of their parametrization, generally using sophisticated quantum–
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chemical calculations, the torsional terms readily contain both an electrostatic and a van der Waals

component, most commercial force fields distinguish between those interactions of atoms separated

by exactly three chemical bonds (i.e. the so–called “1–4” terms), and all others, provided that {i, j}
are not separated by one or two chemical bonds (see Figure 4). van der Waals and Coulomb “1–4”

contributions are usually weighted down by factors 1/k1-4
vdW and 1/k1-4

Coulomb that appear in expres-

sion (22).

e

g k

h i j

d f

cba

Figure 4: Illustration of the various terms included in an empirical potential energy function. Contributions
a-j represent the valence force field, among which d-j are the so-called “crossed” terms. j is the out–of–
plane term, guaranteeing that the central atom remains in the plane formed by its three neighbors to which
it is bonded chemically. k characterizes the Coulomb and van der Waals interactions of atoms that are not
bonded chemically: Intermolecular interactions (solid line), “1–4” intermolecular interactions (dotted line),
and intramolecular interactions > 1–4 (dashed line).

An important concept of macromolecular force fields is the underlying assumption of transferability,

which, in a nutshell, presupposes that a vast variety of molecules can be described by a limited amount

of parameters. To reach this goal, a restrained list of commonly found, yet chemically different atoms

is sought. The bonded and non–bonded parameters involving these atoms are then determined, usually

by means of quantum mechanical calculations on prototypical systems. The transferability hypothesis

imposes that a particular type of atom can be described by the same set of parameters in chemically
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distinct molecules and, hence, distinct chemical environments. For instance, in the AMBER force

field, a CT sp3 carbon atom can be found in n–butane, ethanol, or in the side chain of valine.

By and large, any force field consists of a very subtle equilibrium between its various contributions.

The torsional component, which is crucial for describing conformational preferences, represents a

small facet of this equilibrium. The choice of Lennard–Jones parameters, R∗ij and εij , and of the par-

tial charges, qi, is equally critical, because it modulates the accuracy of the computed thermodynamics

and dynamics quantities. A potential energy function is a complex construction, the building blocks

of which have been calibrated for the global reproduction of physical and chemical key–properties,

yet without the necessity that these elements be physically or chemically meaningful. As a result,

the modeler should avoid interchanging parameters between different force fields, for the latter cor-

respond to distinct philosophies.

One of the fashionable approaches for developing models of point charges consists in fitting the latter

to the electrostatic potential, the true fingerprint of the molecule. Limited to a monopole expansion of

the electrostatic potential, the optimal set ofNatoms net atomic charges, {qk}, is derived by minimizing

the functional:

f({qk}) =
Npoints∑
i=1

V reference(ri)−
Natoms∑
j=1

qj
rij

2

(24)

where V référence(ri) is the electrostatic potential evaluated at point ri of a grid of Npoints surrounding

the molecule. V reference(ri) is obtained from quantum–chemical calculations, i.e. the expectation

value 〈Ψ |1/ri|Ψ〉, usually at a sophisticated level of theory.

Determination of Lennard–Jones parameters often turns out to be a far more daunting task. A pos-

sible route to reach this goal consists in fitting dispersion and repulsion contributions to the interac-

tion energies obtained from a large number of high–level quantum chemical calculations, carried out

with distinct configurations. This approach is generally applicable to chemical systems of reduced

sizes, e.g. the formamide–water heterodimer, for which the atom–atom van der Waals interaction

potential is sought. A more heuristic approach, alternative to numerous sophisticated quantum chem-

ical computations, relies upon statistical simulations of condensed phases. Starting from a given set

of Lennard–Jones parameters, {R∗ij, εij}, can we reproduce accurately fundamental thermodynamic

quantities of a molecular liquid, like its density, ρ, its enthalpy of vaporization, ∆Hvap, and possibly

dynamical properties like its self–diffusion coefficient, D.
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3.1. Beyond the minimalist description

In a number of cases, the minimalist description imposed by the functional (22) may turn out to be

inadequate. As is the case of most commercial force fields, this functional is multi–purpose, even

though it was designed originally to study biopolymers, and specifically proteins and nucleic acids.

The finer, deeper investigation of small organic molecules, often necessary in the emerging field of

de novo drug design, requires a level of approximation that goes beyond the simplistic underlying

hypotheses of expression (22). Among the latter, replacement of the harmonic term describing the

stretch of chemical bonds (see Figure 4 a) by a dissociative Morse potential constitutes an interesting

example:

V (r) = D0

[
e−α(r−r0) − 1

]2
(25)

where D0 stands precisely for the dissociation energy and r0, the equilibrium bond length. The

harmonic description may turn out to be unadapted as soon as anharmonicity effects can no longer be

neglected. For both the stretch of chemical bonds and the deformation of valence angles, cubic and

quartic corrections may be necessary:

V (r) = kr (r − r0)2
[
1− k′r (r − r0) + k′′r (r − r0)2

]
(26)

Opening of a valence angle results in the shrinking of the associated chemical bonds — an effect

clearly absent in equation (22). To correct this deficiency, the potential energy function can be en-

riched with the so–called cross–terms, like:

V (r-θ) = krθ (r − r0) (θ − θ0) (27)

In addition to the stretch–bend term, depicted in the above expression, it is possible to introduce other

coupling terms in V (x), as shown in Figure 4, e-i. Aside from the heavier evaluation of the potential

energy function at each time–step, δt, when integrating equations (2), inclusion of the cross–terms

implies an additional effort for parameterizing these contributions.

The accurate description of the dihedral angles also constitutes a particularly crucial aspect in the

development of potential energy functions. The behavior of the torsional potential, V (φ), is often

exceedingly complex to be mimicked appropriately by a single term of the Fourier series in equa-

tion (22) The case of phospholipids represents an excellent illustration of this difficulty. The key to

a faithful reproduction of the order parameters, SCD, of the aliphatic chains resides, indeed, in the
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correct description of the dihedral angles in the course of the statistical simulation. Only a potential

that includes several terms is able to account for the subtle trans–gauche equilibrium along the lipid

chains. The Ryckaert and Bellemans potential [15],

V (φ) =
6∑
i=1

ai cosi φ (28)

in which the coefficients ai have been optimized on the basis of the internal rotation of n–butane, is

often employed for simulating phospholipid bilayers.

3.2. Circumventing the pitfalls of the pairwise additive approximation

Treatment of the electrostatics is without any doubt the most problematic in many respects. First,

owing to the fact that the monopole approximation in equation (24) is not necessarily sufficient for

a faithful description of any molecule. It may, thus, be desirable to include permanent dipoles to

the simple model of net atomic charges. More crucial are the possible induction effects, obviously

absent in the pairwise additive approximation (21). To circumvent this difficulty, the number of

solutions available remains limited. The less expensive approach, still widely utilized in numerical

simulations of macromolecular systems, consists in inflating artificially the point charges, so that the

latter reproduce a permanent dipole moment characteristic of the condensed phase rather than the

low–pressure gaseous phase. In this representation, polarization effects are taken into account in an

average sense. Explicit introduction of polarizability contributions in the force field [16] constitutes

the more rigorous, and at the same time the more costly, solution. In this case, the total electrostatic

term writes:

Vélec(x) =
1

2

∑
i

qi Vi (29)

Here, the electrostatic potential, Vi, arises from two distinct sources — on the one hand, the ensemble

of point charges of the system; on the other hand, the induced multipole moments at site i. Limiting

ourselves to the sole induced dipole moment, µi, which is linearly related to the electric field, Ei,

created at this point by all other polarizable sites j 6= i, that is, µi = αi Ei, the potential may be

expressed as:

Vi =
∑
j 6=i

[
qj

4πε0rij
+

rij · µj

4πε0r3
ij

]
(30)
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Even when using as a starting point at time t+δt, the induced moments, µi, obtained at time t, conver-

gence of the latter in a MD simulation of a polarizable liquid increases the computational effort by a

factor of 2 at the most, with respect to a simulation featuring an additive pairwise approximation [17].

3.3. Coarse–graining the problem

At the antipodes of all–atom simulations that explicitly take induction effects into account, far more

rudimentary approaches have been devised to push back the usual limitations of classical MD, in

terms of both size– and time–scales — see Figure 3. Coarse–grain descriptions provide a convincing

answer to these stringent requirements by reducing significantly the number of particles of the system

and allow longer time steps to be employed — e.g. typically δt = 40 fs, by eliminating the hardest

degrees of freedom.

cba

Figure 5: All–atom (a) vs. united–atom (b) vs. coarse–grain (c) description of a lipid unit. Whereas
in a united–atom model, methylene, –CH2–, and methyl, –CH3, groups are treated as van der Waals
spheres, in a coarse–grain description, one single sphere encompasses several methylene and methyl
groups.

In the particular case of Figure 5, the ratio between the number of atoms in an all–atom and a united–

atom or a coarse–grain description is 2 or 9, respectively. Difference in the interaction potentials

utilized in coarse–grain and all– or united–atom models is often appreciable. The electrostatic term is

generally Coulombic, but may involve the interaction of point dipoles. van der Waals interactions are

described by modified Lennard–Jones potentials — e.g. 6–9, or Gay–Berne potentials [18]. It is worth

noting that in spite of their very rudimentary nature, coarse–grain models can reproduce a number of

physical properties of the system at a semi–quantitative level. Such is the case, for instance, of atomic

density profiles in lipid bilayers [19, 20].
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4. Exploring thermodynamic ensembles

In the course of the simultaneous integration of Newton’s equation of motion, the total energy of

the system is conserved. If the volume is preserved, the generated ensemble is microcanonical, i.e.

(N, V,E ). This type of simulation is often referred to Newtonian MD. This simplistic situation is,

however, not always satisfactory and adapted to the system examined, and it may be desirable to

perform MD simulations, where the temperature and the pressure are considered as independent,

rather than derived quantitities — see Figure 6.

Ensemble: Free energy: Conserved Hamiltonian:

(N,V,E ) H (x,px) = U

(N,V, T ) A = U − TS H (x,px) '
∑
i

1

2mi
(p2xi + p2yi + p2zi)

+V (x)

(N,P⊥,A , T ) A = U − TS + P⊥V H (x,px) '
∑
i

1

2mi
(p2xi + p2yi + p2zi)

+V (x) + P⊥V

(N,P‖,A , T ) A = U − TS + P‖V H (x,px) '
∑
i

1

2mi
(p2xi + p2yi + p2zi)

+V (x) + P‖V

(N,V, γ, T ) A = U − TS − γA H (x,px) '
∑
i

1

2mi
(p2xi + p2yi + p2zi)

+V (x)− γA

(N,P⊥, γ, T ) A = U − TS + P⊥V − γA H (x,px) '
∑
i

1

2mi
(p2xi + p2yi + p2zi)

+V (x) + P⊥V − γA

Figure 6: Examples of thermodynamic ensembles accessible to MD simulations. U denotes the
internal energy of the system, S, its entropy and A, its Helmholtz free energy. P⊥ stands for the
normal pressure and P‖, the lateral pressure applied to the simulation cell.

4.1. Constant temperature molecular dynamics

A number of schemes, more or less sophisticated, for carrying out isothermal MD simulations have

been proposed. Perhaps the simplest consists in rescaling periodically the velocities by a factor√
T/TT , where TT denotes the instantaneous kinetic temperature — viz. 2T (px)/3NkB, where

kB is the Boltzmann constant — and T , the desired temperature. Application of this corrective fac-

tor does not yield, however, a Newtonian MD. Newtonian mechanics implies that both the energy
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and the momentum be conserved. Constant kinetic temperature MD requires solving the constrained

equations of motion [2]:


ẋi =

px,i
mi

ṗx,i = fi − ξ(x; px) px

(31)

in which ξ(x; px) may be related to a friction term that guarantees ṪT = 0. This constraint is chosen

in such a way that perturbation of the Newtonian trajectory is minimal:

ξ(x; px) =

∑
i

px,i · fi∑
i

|px,i|2
(32)

Note: Replacing ξ(x; px) px by ξ(x; px) px,i would correspond to a rigorous thermostat, yielding the

expected canonical distribution [2]. A second approach, more rigorous, consists in introducing in the

equations of motion an additional degree of freedom, s. The velocity of particle i can, thus, be written

vi = s ẋi = px,i/mis. Potential and kinetic terms are associated with the degree of freedom s, which

can be related to the thermostat of the system:


Vs =

1

β
(f + 1) ln s

Ts =
1

2
Q ṡ2

(33)

where β ≡ 1/kBT , Q is the parameter of thermal inertia that regulates the fluctuations of temperature,

and f is the number of degrees of freedom in the system — 3N − 3 if the total momentum, p, is a

constant. Such an approach is known as extended Lagrangian, owing to the fact that the latter can be

expressed as Ls(r; p) = T (px) + Ts(px) − V (x) − Vs(x). The equations of motion may then be

restated as:


ẍi =

fi
mis2

− 2
ṡẋ

s

Qs̈ =
∑
i

miẋ
2
i s−

f + 1

βs

(34)

This formalism, devised by Nosé [21], has been revisited by Hoover [22, 23], who suppressed the

time–dependent parameter s. In the constrained equations of motion (31), the friction term is now

given by a first–order differential equation:
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ξ̇ =
f

Q
kB (TT − T ) (35)

The conserved quantity, here, is the total Hamiltonian, i.e. that of the chemical system plus the

thermostat, Hs(x; px) = T (px) + Ts(px) + V (x) + Vs(x).

The last approach, referred to as weak coupling [24], consists in letting the instantaneous kinetic

temperature, TT (t), “relax” towards the reference temperature, T , following:

dTT (t)

dt
=
T − TT (t)

τT
(36)

where τT represents precisely the relaxation time associated with the fluctuations of the temperature.

The kinetic energy is modified by a quantity ∆T , defined as:

∆T =
1

2
(χ2 − 1) N kB TT (t) (37)

during a time–step, δt, by rescaling the velocities by a factor χ:

χ =
[
1 +

δt

τT

(
T

TT (t)
− 1

)]1/2

(38)

This aperiodic coupling to a “heat reservoir”, by means of a first–order process, does not lead to

oscillating responses to temperature changes. Yet, as has been demonstrated, neither does it yield the

correct canonical distribution, in sharp contrast with the approach of Nosé and Hoover.

4.2. Constant pressure molecular dynamics

Here again, several of alternative methods, more or less sophisticated, can be adopted to maintain the

simulation cell at a constant pressure in the course of time. It might, indeed, be desirable, in a number

of instances, to generate trajectories in the isobaric–isothermal, (N,P, T ), thermodynamic ensemble.

Just like for keeping the temperature at a constant value, the extended Lagrangian formalism can

be applied to pressure. Initially devised by Andersen [25] this approach implies that the system be

coupled to an external variable, V , characterizing the volume of the simulation box. This coupling

symbolizes the action a piston would exert on the system, to which a kinetic and a potential term is

associated:
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VV =

1

2
mP V̇

2

TV = P V

(39)

where mP can be seen as the mass of the piston, and P denotes the desired pressure. Scaling of the

positional variables, r, and the velocities, v, in the form s = r/V 1/3 and ṡ = v/V 1/3, one can rewrite

the kinetic and potential energies as: V (r) ≡ V (V 1/3s) et T (px) =
1

2
m V 2/3

∑
i

ṡ2
i . It follows

that from the Lagrangian, LV (x; px) = T (px) + TV (px) − V (x) − VV (x), one can establish the

new equations of motion:


s̈i =

fi
miV 1/3

− 2

3

ṡiV̇

V

V̈ =
PP − P
mP

(40)

where the force, fi, and the instantaneous pressure, PP — derived from the virial, PP =
1

V
(N/β −

1

2

∑
i

xi · fi) — are evaluated from the unscaled Cartesian coordinates and momenta. Here, the

conserved quantity throughout the MD simulation is the Hamiltonian of the extended system,

HV (x; px) = T (px) + TV (px) + V (x) + VV (x), that is its enthalpy, to which is added a kinetic

contribution of 1
2β

arising from the fluctuations of the volume of the simulation cell. It should be un-

derlined that, formally, this algorithm generates an isobaric–isoenthalpic distribution, (N,P,H). Its

coupling to a thermostat, like the one governed by equation (34), yields the true isobaric–isothermal

distribution.

It has been observed that the above scheme would lead to oscillations of PP , depending upon the

mass of the piston, mP . Feller et al. have devised an alternative that suppresses this undesirable

effect by damping out the degree of freedom of the piston through a Langevin equation. Restating

equation (40), it follows that:


s̈i =

fi
miV 1/3

− 2

3

ṡiV̇

V

V̈ =
PP − P
mP

− γV̇ +R(t)

(41)

where γ is the collision frequency and R(t), a random force taken from a Gaussian distribu-

tion of zero mean. Interestingly enough, R(t) satisfies the fluctuation–dissipation relationship, i.e.
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〈R(t1)R(t2)〉 =
2

βmP

κ(t1 − t2), where κ(t) stands for the damping factor.

Another approached, proposed by Berendsen et al. [24] is an extension of the weak coupling algorithm

described previously to constant–pressure simulations. Just like for the constant–temperature scheme,

the equations of motion are modified in response to the relaxation of the instantaneous pressure,

PP(t), towards its reference value, P , according to:

dPP(t)

dt
=
P − PP(t)

τP
(42)

Here, τP is the relaxation time associated to the fluctuations of the pressure. By rescaling the atomic

coordinates of the system and the size of the periodic cell by a factor ς , the total volume is modified

by ∆V = (ς3 − 1) V , leading naturally to a variation of the pressure, which can be expressed as:

∆P =
∆V

βT V
(43)

where βT denotes the isothermal compressibility. Solving equations (42) and (43) for a given value

of ς , it follows that:

ς =

[
1− βT δt

P − PP(t)

τP

]1/3

(44)

For reasons similar to the case of constant temperature, this algorithm does not yield a well–defined

thermodynamic ensemble.

5. Handling electrostatic interactions

One particularly critical aspects of MD simulations lies in the appropriate treatment of electrostatic

interactions. For obvious cost–effectiveness reasons, spherical truncation, which has been mentioned

previously, remains widely utilized, especially when significant time–scales, beyond the nanosecond

range, are being explored — such is the case of the simulation of a fully hydrated phospholipid

bilayer. If the long–range nature of 1/r3 dipole–dipole interactions is sufficiently limited to guarantee

a satisfactory reproduction of structural properties and statistical ensemble averages of the system,

it still remains that the influence of these interactions on complex physical and chemical processes,

like protein folding, would deserve a detailed analysis. The presence of ionic species is clearly more

problematic, considering that the use of a spherical cut–off induces numerous artefacts that evidently

distort the results of the simulation. Besides, it should be underlined that, limiting ourselves to dipolar
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species, employing a spherical truncation causes singularities in the derivatives of the potential energy

at the cut–off boundary. The deleterious effects of this spherical truncation can be reduced by adding

a so–called switching function, [2] that replaces the abrupt Heavyside–type behavior by a smooth

decrease in the neighborhood of the spherical boundary. This method does not circumvent, however,

the difficulties arising from the presence of ions in the system. A more rigorous approach for handling

charge–charge and charge–dipoles, seemingly inexpensive, relies upon the Debye–Hückel theory and

the solution of the linearized Poisson–Boltzmann equation [26, 27]. As illustrated in Figure 8, this

alternative referred to as generalized reaction field does not eliminate completely the artefacts when

r → Rcut-off , the radius of the sphere of truncation. Possibly the most rigorous approach is that

proposed by Ewald. Admitting that the Coulomb sum,

VCoulomb(x) =
∑
i<j

qiqj
4πε0ε1rij

(45)

over the simulation cell and its image neighbors, does not converge formally, the central idea of the

method, known as Ewald sum, consists in breaking down expression (45) into two sums evaluated,

respectively, in the direct and in the reciprocal spaces.

∑
n

1

|n|
F (n) +

∑
m

1

|m|
[1−F (n)] (46)
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Figure 7: Components of an Ewald sum in a one–dimensional system of point charges. In the direct space,
each charge is surrounded by a Gaussian charge distribution, %i(x), of equal magnitude but opposite sign. This
contribution is counter–balanced in the reciprocal space by a Gaussian distribution, %j(x), of opposite sign.

By surrounding each point charge of the system by a Gaussian charge distribution:

%i(r) = qiα
3 exp(−α2r2)√

π3
(47)

where α is a positive parameter characterizing the width of the Gaussian distribution, the first summa-

tion converges rapidly when n −→ ∞, because F (n) decreases rapidly. The direct–space contribu-
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tion is a short–range one — see Figure (7). The second summation evaluated in the reciprocal space

uses a Fourier transform to solve the Poisson equation, i.e. ∇2Vi(r) = −4π%i(r). The transform

decreases rapidly, and the sum converges equally fast [28].

Implementation of lattice sums according to the scheme devised by Ewald in an MD program that

uses a macomolecular force field, like the one described in equation (22), may be summarized as

follows:

VEwald(r) =
1

2V ε0

∑
k 6=0

exp(−k2/4α2)

k2

∑
j

qj exp(−ik · rj)

 ∑
j

qj exp(ik · rj)


+

1

4πε0

∑
i

∑
j>i

qiqj
rij

erfc(αrij)−
α

4π3/2ε0

∑
i

q2
i

+
1

4πε0

∑
i

j lié à i∑
j>i

qiqj
rij

(48)

The first term corresponds to the reciprocal–space summation over k–vectors. The second term is the

direct–space summation; erfc(x) is the complementary error function, i.e. 1−erf(x), that explains the

short–range nature of this rapidly converging term. The third and fourth contributions are corrections,

owing to the fact that the reciprocal–space summation is carried over all atomic pairs {i, j}, that

necessarily include self, 1–2 and 1–3 terms.
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Figure 8: Free energy profile delineating the association of a guanidinium cation with an acetate anion in
the C2v geometry, in an aqueous environment. [29] The solid line curve corresponds to an Ewald sum (EW)
simulation — α = 0.3 Å−1; The dashed line curve, to a generalized reaction field (GRF) simulation — Rcut-off

= 12 Å; The dotted line curve, to simulation with a spherical truncation (SC) of intermolecular interactions —
Rcut-off = 12 Å.
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Formally, the computational effort involved in a classical Ewald lattice sum is O(N2), where N is the

total number of particles of the system. As has been shown by Perram et al. [30], on the one hand,

and Fincham [31], on the other hand, this cost can be reduced to O(N3/2) by choosing judiciously

the width of the Gaussian distribution, α, the number of k–vectors, and the truncation of all pair

interactions in the direct space. It is generally advised that the CPU time invested in the direct– and

in the reciprocal–space sums be well balanced to reach the desired N3/2–scaling.

(b)(a) (c) (d)

Figure 9: A particle–mesh scheme on a two–dimensional lattice. (a) A system of charged particles. (b) The
charges are interpolated on a two–dimensional grid. (c) Employing a fast Fourier transform (FFT) approach,
the potential and the forces are evaluated on each point of the grid. (d) Forces are interpolated back towards
the particles, the position of which is subsequently updated.

Less expensive alternatives to the standard Ewald sum rely upon an evaluation of the reciprocal–space

term using a fast Fourier transform (FFT). A three–dimensional grid filling the Cartesian space in

which the MD simulation is carried out is constructed. The point charges borne by the particles of the

system are interpolated over this grid, and the corresponding charge distribution, %(r), is computed.

Employing an FFT technique, the transform of the charge distribution, %̂(k), is determined in the basis

of the reciprocal–space k–vectors. Next, the long–range contribution of the electrostatic potential

is evaluated according to V̂long(k) = Ĝ (k)%̂(k), where Ĝ (k) is the so–called influence function,

defined by Ĝ (k) = λ̂(k)/ε0k
2, in which λ(r) is a distribution that depends upon the sole geometrical

characteristics of the simulation cell. The Vlong(r) contribution is estimated at the various points of

the three–dimensional grid by means of an inverse transform. Electrostatic forces are then determined

by numerical derivation of the potential. Finally, the electric field and the potential are interpolated

back from the grid towards the position of the particles — see Figure (9). This scheme constitutes

the central idea of all particle–mesh algorithms [32,33], e.g. particle–mesh Ewald (PME) or particle–

particle–particle–mesh [34] (P3M), the CPU cost of which is formally O(N lnN).

6. Accessing properties of the system from the trajectory

Among the static properties that can be extracted from the trajectories generated in the course of an

MD simulation, structural quantities are particularly interesting, because they account for the local
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order in the molecular system. Radial distribution functions (RDF), g(r), indicate the probability to

find a pair of atoms separated by a distance r, with respect to the probability expected for a completely

random distribution with the same density [2, 35, 36], The definition of g(r) requires the integration

of the configurational distribution function over all atomic positions, except that of the two tagged

particles:

g(x1; x2) =
N(N − 1)

ρ2
∫

e−βV (x1,...,xN ) dx1 . . . dxN

∫
e−βV (x1,...,xN ) dx3 . . . dxN (49)

where ρ denotes the density of the liquid. For a system in which all atoms were identical, the RDF

would reduce to a simple statistical average over pairs of atoms:

g(r) =
V

N2

〈∑
i

∑
j 6=i

δ(r− rij)

〉
(50)
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Figure 10: Oxygen–oxygen radial distribution function (RDF) of the TIP4P water model, obtained from a
molecular dynamics simulation at 300 K.

For a given pair of atoms, {i, j}, the RDF can be readily evaluated through the following relationship:

gij(r) =
〈nj(r + δr)〉

4πρj

∫
r2dr

(51)

where 〈nj(r + δr)〉 corresponds to the average number of sites j, for which the distance to i is com-

prised between r and r + δr; ρj is a mean density of sites j in the sample of interest.

A second quantity, just as relevant to appreciate the order in a molecular liquid is the distance–

dependent Kirkwood factor, GK(R) [37]. This quantity characterizes the correlation between the
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dipole moment, µi, borne by a given molecule i and that borne by the neighboring molecules j con-

tained in a sphere of radius R and centered at site i:

GK(R) =

〈 ∑
i,j;rij<R

µi · µj

〉
Nµ2

(52)

The R–dependent Kirkwood factor is particularly sensitive to the treatment of electrostatic interac-

tions in the molecular simulation. Using a spherical truncation causes several artefacts that deteriorate

the dipole–dipole correlation near the edge of the sphere.

MD, as hinted by its name, may also supply valuable information about dynamical properties of the

system investigated. Among the latter, time–correlation functions are particularly informative about

the relaxation times for the various degrees of freedom in the system [1, 2]. The correlation between

two observable quantities, B and B′, can be expressed by:

cBB′ =
〈δB δB′〉
σ(B) σ(B′)

(53)

where δB = B − 〈B〉, with 〈B〉, is the statistical ensemble average of quantity B; σ(B) =√
〈B2〉 − 〈B〉2. cBB′ varies between 0 and 1, 0 corresponds to an absence of correlation. This

formulation can be generalized in the case where B are B′ are evaluated at distinct times. It follows

that the correlation function now writes:

cBB′(t) =
〈δB(t) δB′(0)〉
σ(B) σ(B′)

(54)

The time average at the numerator is carried over all time origins. In the event B′ ≡ B, the calculated

function is called an auto–correlation function, defined by:

cBB(t) =
〈δB(t) δB(0)〉
〈δB(0) δB(0)〉

(55)

Integration of the correlation function between t = 0 and t = ∞ yields the correlation time. As an

illustration, let us consider the reorientational correlation time of benzene in water. The simulation

time is necessarily longer than for a neat liquid, owing to the fact the statistical average is estimated

from a single molecule.

The dynamical quantity evaluated here is the auto–correlation coefficient cûû(t) = 〈û(t)û(0)〉, where

û is the unit vector borne by the C6–axis or the C ′2–axis of benzene. Looking at the inertia tensor of
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t
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Figure 11: Reorientation of a benzene molecule as a function of time. û is the unit vector borne by theC6–axis
of the molecule.

the molecule, it can be anticipated that the rotational motion about C ′2 will be decorrelated faster than

that about C6.

From the knowledge of the correlation functions for the derivatives, Ḃ, of the observable, B, rather

than the observable itself, numerical simulations give access to transport coefficients. Equilibrium

MD offers the possibility to estimate diffusion coefficients by means of the following integral [2]:

D =
1

3

∫ ∞
0
〈ṙi(t) · ṙi(0)〉 dt (56)

Here, ṙi(t) ≡ vi(t) is the velocity of the center of mass of the molecule. At sufficiently long times,

D may be obtained using the Einstein relationship:

D =
1

3

〈
|ri(t)− ri(0)|2

〉
2t

(57)
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Figure 12: Reorientational auto–correlation functions of benzene in liquid water, at 300 K. Integration of the
profiles yields the correlation times τ(C6) = 2.4 ps and τ(C ′2) = 0.5 ps.
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7. Molecular dynamics and free energy calculations

We have seen that MD could provide the modeler with valuable information on the structural proper-

ties of the system, but also on its dynamics. We will now show that from an ensemble of configurations

generated by MD, it is possible to access key thermodynamic quantities, like the free energy, utilized

to predict the propensity of chemical species to associate or react. In many respects, the grounds for

free energy calculations were laid several years ago by Kirkwood [38], Zwanzig [39], Bennett [40]

and Valleau [41], but had to wait for the availability of significant computational power to be applied

to molecular systems of chemical and biological relevance. In 1954, Zwanzig put forth a strategy,

This approach, referred to as free energy perturbation (FEP), based on first principles of statistical

mechanics, which allows free energy differences, ∆A, between two thermodynamic states, a and b,

to be determined:

∆A = − 1

β
ln 〈exp {−β [Hb(x,px)−Ha(x,px)]}〉a (58)

Here, Ha(x,px) is the Hamiltonian of the N–particle system in thermodynamic state a. 〈· · ·〉a de-

notes an ensemble average over configurations representative of this state. In most cases, states a and

b are sufficiently disparate to prevent the brute application of equation (58). In practice, the reaction

pathway between the reference and the target states is broken down into non–physical intermediates

that are connected by means of a general extent parameter, λ, often called coupling parameter. For-

mally, equation (58) may be restated as a continuous integral over λ, thus leading to an alternative

approach referred to as thermodynamic integration (TI) [38]:

∆A =
∫ 1

0

〈
∂H (x,px;λ)

∂λ

〉
λ

dλ (59)

where λ connects state a, i.e. λ = 0, to state b, i.e. λ = 1.

Exercise: Starting for the original expression of the Helmholtz free energy, A = −1/β lnQ, where

Q stands for the canonical partition function, show that the free energy difference between two

states a and b can be expressed as the ensemble average of equation (58).

The umbrella sampling method (US) [41] constitutes yet another route towards free energy differences

that can be compared directly to experimental measurements. In this approach, sampling along an

ordering parameter, ξ — e.g. possibly a true reaction coordinate — is restrained to a finite region

of the configurational space by means of properly chosen external biasing potentials, Vext(ξ). Torrie

and Valleau demonstrated that the unbiased statistical ensemble average of some quantity B may be
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recovered from a biased ensemble:

〈B〉 =
〈B exp [−βVext]〉biais

〈exp [−βVext(ξ)]〉biais

(60)
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Figure 13: Estimation of the hydration free energy of methane through its transfer from the gas phase
to the aqueous medium, and by annihilation (direct simulation) and creation (reverse simulation) in
bulk water (inset). In the first case, one methane molecule diffuses freely along the normal to the
water–air interface, using the ABF approach. In the second case, the water–methane interactions are
progressively canceled or created as a function of λ. These two methodologies provide quantitatively
comparable results, viz. 2.4±0.4 kcal/mol [42], in good agreement with the experimental estimate of
2.0 kcal/mol [43].

It follows that the free energy profile along ξ may be determined directly from the probability,

Pbias(ξ), to find the system over the range of values taken by the ordering parameter, computed

in the biased configurational space:

A(ξ) = − 1

β
ln Pbias(ξ)− Vext(ξ) + A0 (61)

whereA0 is a constant. One of the limitations of the US method lies in the necessity to define, without

much it a priori knowledge, the shape of the external biasing potentials, Vext(ξ), which may turn out to

be a daunting task in the case of qualitatively new problems. An appealing solution to this conundrum

is provided by a recently proposed method called adaptive biasing force (ABF) [44], which relies on

the integration of the average force exerted along ξ and obtained from unconstrained MD [42]. In

the course of the simulation, a biasing force is rapidly estimated so that, when applied to the system,

it supplies a Hamiltonian bereft of any residual average force acting along the ordering parameter.
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As a result, all accessible values of ξ are sampled with a uniform probability, thereby improving

significantly the accuracy of the computed free energies and the efficiency of the calculation.

As may be seen in Figure 13, coincidence of the estimates of the hydration free energy of methane

from two distinct approaches — viz. ABF et FEP, suggests, irrespective of the intrinsic quality of

the force field, that, by and large, the modeler has tamed the free energy methodology. This example

further underlines the key role played by free energy calculations as a tangible link between theory

and experiment.

Evidently, the present section does not pretend to be exhaustive. The reader interested by the topic

of free energy calculations is invited to refer to specialized monographs — e.g. reference [45], for

further detail.

8. Molecular dynamics and parallelism

Among the intrinsic limitations of MD, the most constraining one is without a doubt its computational

cost when exploring complex molecular systems over significant time scales. Complexity increases

with the number of atoms, which, in the case of biological systems, easily exceeds 10,000. In such as-

semblies, attaining simulation times compatible with the physical reality of the modeled phenomenon

— which embraces the nano– to the microsecond time scale — evidently represents a numerical chal-

lenge. The difficulty to model these phenomena essentially stems from the minute time steps utilized

to integrate the equations of motion, which is incommensurate with the duration of the proposed MD

simulations. The example of the modeling of biological membranes, in which the collective motions

of the lipid chains relax on a time scale that extends from 10−11 to 10−6 second, illustrates rather well

this difficulty. This time scale should be compared to the usual 2×10−12 second time step that guar-

antees an appropriate conservation of the total energy of the system. The emergence of coarse–grain

models, emancipated from the hardest degrees of freedom in the system, allow longer time steps to be

used — viz. on the order of 40×10−12 second, thereby opening the way to the exploration of complex

phenomena over microsecond time scales. Yet, on account of their very rudimentary nature, these

models only supply a qualitative picture of the investigated processes. An atomistic description of the

molecular systems and its inherent limitations are the price to pay to access a quantitative view of the

targeted phenomena.

Over the past fifteen years, the development of parallel architectures has increased considerably the

available computational resources, thereby pushing back the usual limitations of MD simulations.

In particular, multiple–instruction, multiple–data (MIMD) massively parallel machines have made
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possible the sampling of phase space over time scales hitherto never attained for complex molecular

assemblies. As novel architectures would appear, so would alternative strategies for parallelizing nu-

merical simulations, MD being recognized to represent an inherently parallelizable problem. Decom-

position of the computational task in terms of subset of atoms constitutes undoubtedly the simplest

scheme among all — see Figure 14. The ensemble of N particles of the system is spread out over

the available nproc processors of the machine. An array a, defined in the central memory, contains all

the relevant information on the position of the particles. This information is necessarily shared by the

nproc processors for the computation of the forces involving atoms belonging to distinct subsets.
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Figure 14: Decomposition of the computational task in terms of packets of particles. The task carried
out in the main force loop is broken down over the available processors, each one of them handling a
subset of atoms reasonably close in Cartesian space.

From the onset, it may be observed that this paradigm is limited to systems of rather moderate size

and requires a significant memory. Parallelization of the computational task through breaking down

the evaluation of the forces over the available nproc processors is evidently more efficient in terms of

memory usage — see Figure 15. In this approach, pair interactions are computed by blocks spread

out over the various processors of the machine. One noteworthy advantage of this scheme lies in the

possibility to “recycle” a scalar MD code by parallelizing the computationally expensive routines.

Usage of compilation directives, e.g. OPENMP, in the framework of shared memory architectures is

generally well suited for the force–decomposition strategy [46]. The difficulty to implement it with

an appropriate efficiency is rooted in the possibility that atom i interacts simultaneously with atom

j and atom k, the corresponding contributions being evaluated in distinct blocks. In this particular

instance, update of the force, fi, exerted on atom i, from contributions due to atoms j and k, cannot

be achieved concomitantly on distinct threads.

One may rapidly see in the force–decomposition strategy an asymptotical limit of the performances

as a function of nproc. This solution is an attractive one insofar as it applies to systems of mod-

erate size, on parallel architectures with a limited number of processors — viz. typically nproc <
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Figure 15: Parallelizing of the computational task by means of a force decomposition. The central
loop for the calculation of the forces is spread over the different processors available and the contri-
butions to the force exerted on the current atom, i, are evaluated concomitantly.

16. A more promising alternative, and without any contest a far more effective one, is the so–called

domain–decomposition paradigm illustrated in Figure 16. The basic idea of this strategy consists in

breaking the simulation cell into ncell subcells that are handled in the most favorable circumstances

quasi–independently by the nproc processors of the architecture. The complete independence is never

possible, even in the simplistic example of atomic fluids, because communication, even a minimalist

one, is necessary to update the forces exerted onto the various particles of the system. The situation

may become rapidly intricate when the same molecule — e.g. a protein, spans several contiguous

subcells. This, among other aspects, explains why the development of a domain–decomposition MD

code may be only achieved ex nihillo, following a philosophy distinct from that of the atom– and

force–decomposition paradigms examined previously, and hence precluding the possibility of “recy-

cling” an old scalar code.
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Figure 16: Decomposition into spatial domains. The simulation cell is broken down into several
subcells, which are handled by the various processors of the parallel architecture. In order to balance
the work load across the different processors, the main cell is usually broken down into a number of
subcells greater than the number of available processors.

This paradigm has been the object of several improvements over the years, the detail of which is

beyond the scope of this chapter. Among these improvements, load–balancing represents a notewor-
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thy step to increase the performances of the parallel MD code, through spreading the ncell � nproc

subcells over the available processors, and shuffle the former until the computational effort evens out

across these processors. This elegant strategy has been implemented in a variety of MD codes, like

NAMD [47], today one of the most widely used for modeling complex biological systems.

9. Conclusion

The few illustrations reported here provide a glimpse into the amazing field of investigation accessi-

ble to numerical simulations for tackling problems encountered on a daily basis by the modeler. This

field of investigation increases progressively as the price/performance ratio of modern computers de-

creases. Furthermore, access to massively parallel architectures, still somewhat uneven depending

upon the country, opens the way to complex and realistic applications amenable to MD simulations.

Returning to Figure 3, in silico studies of macromolecular systems of physical, chemical and bio-

logical interests, over significant time scales, are glaring examples of the progresses made in recent

years not only on the hardware front, but also on the software one. It is apparent from this figure that

simulation of assemblies of ca. 105 atomes over several nanoseconds has reached the level of routine

modeling. In this range of size and time scales, the study of the structural fluctuations of a membrane

protein in its natural lipid environment represents a concrete example. Combined to free energy cal-

culations that emancipate the modeler from the limitations of Boltzmann sampling, MD constitutes

an appropriate tool for modeling the slow events that occur in such intricate molecular systems, like

the assisted transport of small molecules through a dedicated membrane protein [48].

Yet, these progresses suggest a number of comments. First, the quality of the computations carried

out is strongly conditioned by the chosen strategy of the simulation. As a function of the problem

tackled, a number of approximations should be banished, and it becomes necessary to turn to more

rigorous methods, that are also often more expensive. This is, for instance, the case of the treatment

of electrostatic interactions, which, in its simplest form, is limited to an additive pairwise approxima-

tion and a spherical truncation of the long–range forces, but, for a more sophisticated description, can

include lattice sums and possibly models of distributed polarizabilities. If the methodology is nowa-

days well established and robust, simulating everything using MD is not yet possible, on account of

the numerical integration of the Newton equations of motion by means of infinitesimal time–steps of

ca. 1 to 2 fs, which should be compared to the time scales explored, together with the size of the

system examined. This may constitute an insuperable obstacle to the routine use of such large–scale

computations. Moreover, if it is tempting to turn systematically to numerical simulations, as molec-

ular modeling tends to proliferate in an increasingly large number of domains of physics, chemistry
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and biology, in the vast majority of cases, MD codes should not be considered as black boxes. Only

a careful examination of the results obtained, a detailed analysis of the trajectories generated and a

thorough verification of the derived thermodynamic properties will confirm the correctness and the

physical and chemical meaning of the calculations performed [49].
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